The fundamental issue for teachers is how better to develop pupils’ mathematical understanding. Too often, pupils are expected to remember methods, rules and facts without grasping the underpinning concepts, making connections with earlier learning and other topics, and making sense of the mathematics so that they can use it independently. The nature of teaching and assessment, as well as the interpretation of the mathematics curriculum, often combine to leave pupils ill equipped to use and apply mathematics. Pupils rarely investigate open-ended problems which might offer them opportunities to choose which approach to adopt or to reason and generalise. Most lessons do not emphasise mathematical talk enough; as a result, pupils struggle to express and develop their thinking.
	Prime practice: teaching for understanding
	This Year 9 lesson on the volume of cylinders enabled pupils to improve their estimation skills greatly and to understand the formula to find volume. 

	First, each pupil wrote an estimate for the volume of a tea candle that was on their desk. These estimates were generally far below the actual volume. The teacher then used a demonstration on the interactive whiteboard, checking very carefully that everyone could interpret the two-dimensional representation of circular layers gradually building up and could explain how the formula for the volume linked to their previous knowledge. Pupils worked in pairs with everyday objects that were well chosen for their dimensions, making measurements and calculating volumes. In doing this, they became much clearer about the size of a cubic centimetre, estimating how many would fit into an object. At the end of this very well organised lesson, pupils were much more accurate in estimating the volume of the tea candle by eye and most were very surprised that it was many more cubic centimetres than they had initially estimated. 
The planning of the lesson had skilfully brought about a mismatch between the pupils’ initial estimates and the actual volume. This added greatly to their learning as their surprise deepened their thinking and led to discussion about why the two amounts differed.


	Prime practice: an interesting approach to a new topic
	This lesson was a challenging introduction to three-dimensional applications of Pythagoras’ theorem for a top set of Year 10 pupils. The approach enabled pupils to see how their existing knowledge of two-dimensional Pythagoras’ theorem might be extended to the new three-dimensional context. 

	The teacher provided models of a cuboid and a square-based pyramid made from straws. She asked the pupils to find the length of the diagonal of the cuboid and the height of the pyramid. After briefly inviting questions, she let the pupils get on with the task, circulating around the classroom to ensure they were all on a fruitful track. She intervened only if pupils appeared stuck when, by asking questions, she ascertained their thinking and moved it on. She did not steer pupils, at any stage, towards a particular method. This was a successful approach with alternative methods arising, which she discussed with the whole class later in the lesson. 


	Prime practice: pupils persevering
	This was a lesson on constructing triangles for low-attaining Year 10 pupils, who discovered for themselves why pairs of compasses are needed for constructing some triangles: it became a meaningful problem. (More usually, pupils are guided through the standard construction. As a result, they do not necessarily realise that to draw the triangle accurately without compasses is not possible.)

	The pupils were asked to draw triangles of given dimensions for the three sides. They had access to rulers, pencils, protractors and pairs of compasses. They tried to carry out the task; the teacher gave them no extra advice or support at that stage. After 10 minutes, the pupils were concerned that they could draw two sides with the correct length but not the third. In essence, they had discovered the problem with the construction. One pupil used the compasses to draw some arcs but could not see how he could complete the triangle. The teacher used this pupil’s ideas, demonstrating to the class what he had done, and asking them to think how it could help them. Again they worked in groups and, gradually, pupils were able to use the compasses effectively to draw the triangles. The fact that they had persevered with the task until they found the method, and realised the reason for it, gave them a very good understanding of how to draw triangles when the lengths of the three sides were given.


	Weaker factors: learning without understanding 
	In a Year 9 lesson, pupils learnt how to plot straight-line graphs but without appreciating the relationship between coordinate pairs and the equation of the graph, and with little idea how to interpret the gradient in terms of the slope.

	The teacher showed the pupils how to substitute three values for x in an equation such as y = 2x – 3 to obtain three pairs of coordinates. Pupils plotted the three points and joined them with a straight line. They rarely extended the line beyond these three points. A few pupils had difficulty because they did not realise that the numbers on the axes needed to be regularly spaced, and this led to dog-leg graphs rather than perfectly straight lines. The teacher had not checked quickly all pupils’ work to ensure they had scaled their axes appropriately or to point out the problem resulting from not doing so. 

While pupils drew a selection of such graphs, the inspector asked some of them which other points were on the line. Most recognised only those where the line segment they had drawn passed through a point on the grid. They did not appreciate that the straight line consists of all points with coordinates (x,y) that fit the equation and no others, a principle that underpins much future graph-related work.

Some pupils could identify the gradient in the formula because they had been told it was the coefficient of x, but not by looking at the graph. These pupils had no concept of what gradient meant in terms of slope. They could usually determine the intercept from memory as the constant term in the formula, but could not explain why it was necessary to put x = 0 into the equation to find the intercept on the y axis.

	How might it be improved?
	Inaccuracies in pupils’ work could have been spotted quite easily, if the teacher had checked the work throughout the lesson, looking especially at axes to pick up on errors in spacing and at the line segments drawn to check for position, straightness and length.

For better learning, the teacher might: 

pose questions to check understanding, for example whether points such as (5.5, 8), (-10, -17), (3, 2), (100, 197) lie on the line with equation y = 2x – 3

focus more on the meaning of ‘gradient’ and how it might be read directly from the graph as the increment in y for unit increment in x.
Learning could be extended by asking pupils what lines might be parallel to y = 2x – 3, or how could they use it to draw the lines with equations y = 4x – 3 and y = -2x – 3?


	Weaker factors: rote methods
	A Year 10 lesson on finding the fraction of an amount. The teacher had a clear view of the types of question pupils needed to be able to do to be successful in the foundation tier of the GCSE examinations.

	The teacher showed the pupils how to calculate ¾ of £10.80 by dividing by 4 and multiplying by 3. He did not explain why. One pupil called out, offering her own method. The teacher discouraged her, but she insisted on telling him, even though he didn’t want to know that ‘You halve it, then halve it again, and add the two halves together.’ She probably meant that she would add the first ½ to the halved half, ¼, to make ¾ but the teacher did not pick up on this clue. Instead he repeated his method of dividing by the denominator and multiplying by the numerator, all as one calculation. 
When pupils tackled similar questions, many of them reached the right answers, but none of the pupils to whom the inspector spoke could explain why they were dividing by the denominator and multiplying by the numerator. Some pupils could understand why dividing by the denominator gave one part and, coaxed for the answer, why they would then multiply by the numerator. 

The teacher moved around the classroom while pupils worked steadily through the exercise, helping those who were stuck by demonstrating the same method again. 

Discussing the lesson afterwards with the inspector, the teacher could see how he had emphasised the technique without any reference to understanding. He commented to the inspector the next day that the discussion had made him reflect critically on the methods he often used in his teaching.

	How might it be improved?
	A different starting point might have been to use an easy example that pupils could do in their heads, say ¾ of £20 or £10, and then probe how they worked it out. Listening to their responses could provide insights into their thinking, and the teacher could use their explanations as the starting point for developing a method. 

Learning would have been better if pupils had been enabled to make the connection between finding the fraction, ¼, of something and dividing it by 4 to give four equal parts. Practical equipment might help, although most pupils find money easy to understand.


	Weaker factors: unhelpful rules
	Teachers usually introduce rules to help pupils remember particular results or steps in methods. However, few are always true and many are never convincingly developed with pupils so that they understand the particular context within which a rule might be used. Here are three examples.

	(a) ‘To multiply by 10 you add a nought’ but 3.4 × 10 ≠ 3.40.

Discussion about place value is the most powerful way of tackling multiplying by 10.

(b) ‘Always measure from the end of the ruler’ but this doesn’t always work, and is a common mistake young pupils make when learning to measure. Another error is that they measure from 1 on the scale.
The emphasis should be placed on measuring from 0, which is often at the end of a tape measure but the scale on most rulers starts a little way in from the end of the ruler.
(c) ‘Two minuses make a plus’ -5 × -3 = +15 but -5 + -3 ≠ +8.

This rule is an inaccurate simplification of a generalisation. Incorrectly applied ‘rules’ on signs and operations are the source of many errors for secondary pupils in work on number and algebra, usually because the ‘rule’ is learned without understanding and they do not take into account the different contexts of the operations of multiplication and addition, and the positive and negative states.


	How can it be improved?
	Where it is considered that rules might be useful, they should be unambiguous and developed with the pupils. The unthinking use of rules should be discouraged.


	Weaker factors: right answers but insecure learning 
	A Year 8 lesson in which pupils learnt a method for solving simple equations of the form 2x + 5 = 13 and 5x – 7 = 8 but with superficial understanding. Although the technique was initially demonstrated correctly, pupils’ thinking was not developed in a way that would support further learning.

	The teacher demonstrated correctly the technique of adding to or subtracting from each side of the equation to create a simpler equation, such as 2x = 8 and 5x = 15, and then dividing by the coefficient of x. Pupils were set an exercise with around 20 similar questions. The teacher gave help as needed until most had answered several questions. The answers were read out and pupils gave themselves a mark out of 20, with many scoring full marks. 

Noticing that every question had the same format, and that several pupils had omitted their working, the inspector tried out some variations with a few pupils. These pupils tackled 3 + 18x = 42 with confidence. When asked to explain how they arrived at their (incorrect) answer of x = 8, they said they had subtracted 18 and divided by 3. Their choices were based on the position of the numbers 3 and 18 in the equation, and not their meaning. 

By setting all questions in the same format, pupils took a short cut to the answers, and did not think about the method they had originally been taught. Critically, the teacher gained a false impression of pupils’ learning, believing they could now solve simple equations, whereas this was in fact restricted to a particular subset of such equations. Pupils could not extend their approach to any other equations. 

	How might it be improved?
	To improve learning in this lesson the teacher, when first demonstrating the method, could have checked that pupils understood each step by selecting examples in which the positions of the numbers within the equations varied. Following this by independent work that included a range of equations would allow any misconceptions to be exposed. Insisting on good presentation of solutions would help reinforce the need for logical thinking.


	Prime practice: mathematical correctness 
	A Year 7 lesson on the sum of the angles in a triangle. 

	The teacher started the lesson by rehearsing what pupils knew about the angle properties of intersecting and parallel lines. Pupils were expected to recall facts about vertically opposite, corresponding, alternate and supplementary angles. Pupils could explain that vertically opposite angles had to be equal because they were both supplementary to the same angle (totalling 180 degrees together). 
Pupils cut out triangles and tore off the corners, [image: image7.png]


but each pupil had a different triangle, and all were pasted onto a class poster. The teacher elicited from them a proof that the angles of a triangle are supplementary by drawing a line through a vertex parallel to the opposite side of a triangle and encouraging them to apply their existing knowledge. 


	Prime practice: applications of mathematics
	A teacher’s response to ‘Why do we have to learn algebra? What use will it be?’

	The teacher reminded the pupils that algebra is important in science because formulae are needed to express the laws of science; spreadsheets use algebraic formulas and are a very powerful tool used by thousands of businesses; and computer graphics require complicated algebraic methods to make sure that objects are portrayed correctly. He also pointed out the power of algebraic notation as a means of communicating within mathematics. 


	Prime practice: the mathematical progression of ideas
	A Year 7 lesson introducing the calculation of probabilities.

	A teacher, realising that probability is a difficult idea for many pupils, had made sure that pupils were used to marking fractions and decimals on a number line before they met the idea of the probability scale. He emphasised the need to consider equally likely outcomes in calculating probabilities through groups of three pupils playing a game which was based on the number of heads obtained from spinning two coins. At each turn, the player whose number came up scored a point. The pupils quickly learnt that this game was ‘not fair’. They realised that there were four equally likely outcomes (tail-tail, tail-head, head-tail, head-head) rather than three (0, 1, 2 heads) and that this was why 1 head was more likely than either 0 or 2 heads.


	Weaker factors: knowledge of geometry
	Primary teachers justifying whether a shape is a square or not. 

	As part of a professional development activity, groups of primary teachers drew various squares on dotted grids. In justifying whether the shape illustrated on the right was definitely a square, many offered approaches such as fitting corners of sheets of paper into the corners of the shape but this does not justify the angles being exactly 90˚. When prompted, they could explain why the four sides were of equal length. Further coaxing led to identification of pairs of angles of 45(, and hence right angles. 

The teachers did not recognise the succinct proof gained by spotting that the diagonals were of equal length and bisected each other at right angles. Many did not recall this property of squares. Yet high-attaining pupils in Key Stage 2 are expected to use the properties of quadrilaterals to classify four-sided shapes. The mathematical knowledge and understanding of many teachers do not equip them to do this effectively.
	
[image: image1] 


	Weaker factors: gaps in subject knowledge 
	A Year 6 lesson on interior angles of polygons in which a teacher’s weak subject knowledge led to pupils’ incorrect understanding.

	A Year 6 class was investigating the interior angles of regular polygons. Many found this difficult, but higher-attaining pupils had found that a pentagon has interior angles of 108(. The teacher said that this was not correct and encouraged them to divide 360( by 5 to get the answer, stating ‘the angles in any polygon add up to 360(’. This gave the answer of 72(, which puzzled the most able pupils as the interior angles were clearly bigger than right angles. Other pupils appeared to 

just accept the rule which they then incorrectly applied to other polygons. 

	How might it be improved?
	The teacher had not realised that this was a gap in her knowledge. Possibly, she had confused previous knowledge about external angles which do sum to 360(. If she had had the confidence to ask the able pupils to explain their answer, she might have recognised her error. She returned to the pupils’ answer of 108( in the next day’s lesson. 


1. Secondary teachers can also have gaps in subject knowledge and these can have negative consequences for their pupils. One of the problems about teachers’ subject knowledge is that they ‘don’t know what they don’t know’. For example, when practising past GCSE papers, pupils in a high-attaining Year 11 set struggled to solve the equation:
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They sought help from the teacher who proceeded to give them an incorrect solution. This confused a few of the pupils, but most thought he was right. He had inverted the equation wrongly, thus:
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	Weaker factors: poor use of subject expertise
	A Year 8 lesson following homework on ‘collecting like terms’ in algebra. Although the teacher realised that the pupils had had difficulty with the homework, the teacher’s subsequent approach was unhelpful because it was not mathematically precise and compounded existing misconceptions.

	In the starter activity, pupils took turns to go to the interactive whiteboard to match equivalent algebraic expressions by collecting like terms. The examples involved positive terms only. Pupils then marked their homework on the same topic, the teacher reading out answers. When it became apparent that several had not completed the homework, the teacher amended his lesson to explain the topic again, using the imagery of counting apples, bananas, and so on. When one question involved both c (cats) and c 2, the teacher stretched the imagery, saying ‘c 2 is different to c. It is like a cat with two black ears’. Despite the bizarre imagery, pupils were eventually able to complete the homework. However, the idea that algebraic terms represent objects is unhelpful; indeed such a method reinforces this misconception. 

	How might it be improved?
	The teacher might have found it useful to have marked this homework himself.

An approach to collecting like terms that generalises arithmetic would be more powerful mathematically; for instance two 7s added to three 7s makes five 7s might help with 2c + 3c = 5c , and 7 2 is clearly different from 7. 


	Prime practice: building understanding
	Conceptual approaches to the teaching of area meant that Year 5 pupils could do much more than find the area of a rectangle using a formula.

	A primary teacher emphasised that the area of a shape was measured by the number of 1cm squares it could hold. By drawing rectangles to the correct size on squared paper, she had helped pupils to give meaning to the numerical answers. They had initially counted squares. She checked carefully that pupils had recognised the rows and columns of squares in their rectangles and could use them to calculate the area of a rectangle more quickly. She introduced triangles and many other shapes through geo-boards. Pupils devised their own strategies for composite shapes, including halving to get triangles, and discussed them with other pupils. 


	Weaker factors: teacher not circulating
	A lesson starter in which the teacher was unaware that pupils’ progress was very variable. 

	A low-attaining Year 7 class was given a worksheet as a quick lesson starter. It contained several questions of the form 400 + 300 = 600 + …..
The teacher did not circulate to check anyone’s work so did not realise that some pupils had written 1,300 and attempted the remaining questions incorrectly as additions. While some pupils finished very quickly, others had managed only a few questions. The speed of responses showed that the pupils who already knew how to do this work were not extended and those who did not know gained little benefit. 

	How might it be improved?
	If the teacher had moved around the class quickly checking pupils’ first answers, or used mini whiteboards for the starter activity, he would have identified those pupils who were making the mistake of adding the three numbers. Continuing to circulate as pupils worked would show the teacher who was struggling and who was not challenged by the task.

Learning might have been better if the questions had been tailored to pupils’ prior attainment, perhaps through two or three worksheets at different levels of challenge.


	Weaker factors: pseudo investigation 
	The way tasks are framed can close down opportunities for pupils to investigate mathematics. In this example, Year 5/6 pupils were nominally ‘investigating’ what happens when different combinations of odd and even numbers are subtracted. They had previously found rules for adding.

	The teacher had presented the task as one of identifying ‘the correct rule’ by asking: ‘Does odd minus odd give an odd or even answer?’ Confident that a rule existed, pupils simply tried one example and inferred general rules from single examples. 

The teacher’s approach meant that pupils never engaged with the possibility that there might be no consistent rule. In the previous lesson they had been guided to record three rules for addition (O+O=E, O+E=O, E+E=E) but reasons why the rules worked and links between the rules were not made clear.

	How might it be improved?
	The teacher’s questions could have been phrased in an open way: ‘What happens when you add or subtract two odd numbers?’ followed later by: ‘Does this always happen?’

Learning would have been better if the teacher had given the pupils greater independence by not assuming that a rule had to exist and by providing practical equipment such as interlocking cubes so that they could represent odd and even numbers visually. Pupils could then illustrate their explanations and justify rules. They could also have been encouraged to look for unifying ideas, for instance when adding two even or two odd numbers, the sum is always even:
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The teacher might have benefited from guidance on teaching approaches for such tasks and about what aspects of using and applying mathematics pupils could develop through the activity.


	Prime practice: teaching mathematical thinking
	The context of this Year 9 problem-solving lesson was a series of questions about the number of permutations of letters in different names, such as LUCY, ALI or WAYNE.

	Rather than show pupils the standard formula, the teacher provided them with an opportunity to find their own solutions. This was not as haphazard as it might seem, because he also had a very clear idea about which kinds of thinking he wanted to encourage and the point he wanted pupils to move towards. This type of problem solving might be characterised as ‘open in the middle’ rather than open-ended.

The lesson objectives were: ‘Pupils will learn: the value of working systematically to solve problems; to refine their understanding of the methods they develop; to refine their oral and written explanations of their methods; and the value of reducing a problem to a simpler case.’

For much of the lesson, the teacher’s role was to listen to pupils explaining their ideas, to encourage and nurture any systematic thinking, and to intervene with additional problems when appropriate. Mini-plenaries were used as appropriate to encourage pupils to share their ideas with the class, draw out key ideas that emerged and stimulate further thought about variations on the original problem. By the end of the lesson, most pupils had worked out that the number of permutations of n distinct letters would be n ! = 1 × 2 × 3 × … × n. More importantly, they understood the importance of making systematic lists and therefore understood in a concrete sense the recursive nature of the solution: that a five-letter word could begin with any of the five letters, followed by any of the 24 permutations of the other four letters, giving 5 × 24 = 120, and that 24 arose as 4 (starting letters) × 6 (ways of arranging the other three letters), and 6 as 3 × 2, and so on. 

Variations of the problem were held in reserve, such as EMMA, ANN, GEMMA and DONALD, leading to the generalised problem of counting permutations when some letters repeat. Many pupils recognised that having two letters the same halved the number of possibilities and that having three letters the same reduced the number further, but realised that this needed more thought.


	Weaker factors: doing well but without understanding
	A pupil correctly calculated the areas of circles of radius 5cm and 7cm, by applying the standard formula
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	When the inspector asked her whether it was reasonable that the second area was nearly twice as much as the first, she immediately assumed her answer must be wrong, as she was not used to being asked to interpret her answers. After further discussion, it became clear that she had learnt how to use the formula to calculate the area of a circle as a number, but could not say what was meant by the area of a circle. The few circles drawn in her book were all the same size. She had learnt a method to obtain answers to a problem she did not understand. 


	How might it be improved?
	The pupil’s understanding would have been better if the teacher had: 

established at the beginning how well each pupil understood the concept of area 
provided experience of finding the areas of shapes drawn to their actual size 

used pupils’ previous knowledge about areas of shapes to approximate the area of a circle, for example by sandwiching it between squares and/or polygons.
Understanding would also have been strengthened if the pupil had been asked the sorts of questions that would have made her think about what she was learning and how to interpret results. 
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